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vertices. In this paper, we determine sharp bounds for bothM1 andM2 of n-vertex bicyclic
graphs with k pendant vertices.
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1. Introduction
For a graph G, the first and the second Zagreb indices,M1 andM2, respectively, are defined as
M1 = M1(G) =
−
u∈V (G)
d(u)2, M2 = M2(G) =
−
uv∈E(G)
d(u)d(v),
where d(u) denotes the degree of the vertex u of G.
The Zagreb indicesM1 andM2 were introduced in [12,13]. They reflect the extent of branching of an underlyingmolecular
structure [1,12,13,15,28]. Their main properties were recently summarized in [3,8,16,25,32]. An important direction is
determining graphs with maximal and minimal Zagreb indices in a given class of graphs. Indeed, over a significant class
of graphs, the bounds for M1 and M2 were obtained (see [4,6,7,10,11,14,17–24,26,27,29–31]). Chen and Deng [5] studied
the zeroth-order general Randić index, i.e., wα(G) =∑u∈V (G) d(u)α , where α is a real number, for n-vertex bicyclic graphs.
Deng [9] characterized the sharp bounds for the Zagreb indices, M1 and M2, of n-vertex bicyclic graphs. Motivated from
these results, in this paper we continue to study the Zagreb indices of bicyclic graphs with given number of pendants. In this
paper, we determine sharp upper and lower bounds forM1 andM2 for n-vertex bicyclic graphs with k-pendant vertices. As
a consequence, we determine sharp bounds on the Zagreb indices of n-vertex bicyclic graphs.
In order to formulate our results, we need to introduce some graph notation used in this paper. The reader is referred
to [2] for any undefined notation and terminology on graphs in this paper. Let G = (V , E) be a simple undirected graphwith
n vertices. The set of neighbours of a vertex x in G is denoted by NG(x), or for short by N(x). The degree dG(x) = d(x) of a
vertex x in G is the number |N(x)| of edges at x. The maximum vertex degree in a graph G is denoted by ∆(G). A pendant
vertex is a vertex of degree 1 and a pendant edge is an edge incident with a pendant vertex. Let PV (G) = {v : d(v) = 1}.
For two vertices u and v (u ≠ v), the distance between u and v, denoted by d(u, v), is the number of edges in a shortest
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Fig. 1. Three cases for the arrangement of the cycles contained in a bicyclic graph.
Fig. 2. Graphs B4, B5 and B6 := Bnk .
path joining u and v. Let P = v0v1 . . . vs (s ≥ 1) be a path of G with d(v1) = d(v2) = · · · = d(vs−1) = 2 (unless s = 1).
If d(v0), d(vs) ≥ 3, then we call P an internal path of G; if d(v0) ≥ 3 and d(vs) = 1, then we call P a pendant path of G.
G − v, G − uv denote the graph obtained from G by deleting vertex v ∈ V and edge uv ∈ E, respectively (this notation is
naturally extended if more than one vertex or edge is deleted). Similarly, G+ v and G+ uv are obtained from G by adding
vertex v ∉ V and edge uv ∉ E, respectively (note, if a vertex v is added to G, then its neighbours in G should be specified
somehow).
Bicyclic graphs are connected graphs with n vertices and n + 1 edges. Each bicyclic graph has exactly two independent
cycles. Furthermore, the set of n-vertex bicyclic graphs consists of graphs of two types: one type are those graphswhose two
independent cycles have no common edges; the other type are those graphs whose two independent cycles have at least
one edge in common. The arrangement of cycles contained in a bicyclic graph has at most three possible cases [5,9], which
are depicted in Fig. 1.
Let Bn,k = {G : G is a bicyclic graph with n vertices and k pendant vertices} and Bin,k = {G ∈ Bn,k: the arrangement of
the cycles contained in G is Bi}, where Bi is depicted in Fig. 1 for i = 1, 2, 3.
Let Bi(a, b)(p1, p2, . . . , pk) (k ≥ 1) be a bicyclic graphwith n vertices created from Bi (i = 1, 2, 3) by attaching k pendant
paths of lengths p1, p2, . . . , pk to exactly one vertex of maximum degree in Bi (see Fig. 1), where pj ≥ 1, j = 1, 2, . . . , k.
Define
B′∗n,k = {B1(a, b)(p1, p2, . . . , pk) : pi ≥ 1, 1 ≤ i ≤ k}, B∗n,k = {B1(a, b)(p1, p2, . . . , pk) : pi ≥ 2, 1 ≤ i ≤ k},
Bnk = B1(3, 3)(
2k−n+5  
1, . . . , 1,
n−k−5  
2, . . . , 2).
As examples, graphs B4 ∈ B′∗n,k, B5 ∈ B∗n,k and B6 := Bnk are depicted in Fig. 2.
Let B++n,k = {G ∈ Bn,k : |d(u) − d(v)| ≤ 1 for all u, v ∈ V (G) \ PV (G)} and B+n,k = {G ∈ B2n,k ∪ B3n,k : ∆(G) ≤ 3, each
pendant vertex of G is adjacent to a vertex of degree 3 and every pair of vertices of degree 3 are nonadjacent}.
2. The upper bounds ofM1 andM2
We first give some lemmas that will be used in the proof of our result. Define
Bin,k := {G ∈ Bin,k : M2(G) is maximal}, i = 1, 2, 3; B′n,k := {G ∈ Bn,k : M1(G) is maximal};
Bn,k := {G ∈ Bn,k : M2(G) is maximal}.
Lemma 1. Suppose that G ∈ B′n,k (or Bn,k) with two independent cycles Ca, Cb. Then d(v) ≤ 2 for each v ∈ V (G) \ V (Ca ∪ Cb).
Proof. By contradiction. Assume that there is a vertex v ∈ V (G) \ V (Ca ∪ Cb) such that d(v) ≥ 3. We consider the following
two possible cases.
Case 1. NG(v) ∩ V (Ca ∪ Cb) ≠ ∅.
In this case, there is a vertex u ∈ NG(v) ∩ V (Ca ∪ Cb). Define NG(u) = {w1, . . . , wg , y1, . . . , ys, v}, (g = 2, 3
or 4), NG(v) = {u, x1, . . . , xt}, t ≥ 2, wherew1, . . . , wg are in V (Ca ∪ Cb). Then d(u) = s+ g + 1 ≥ s+ 3 ≥ 3, d(v) = t +
1 ≥ 3. Let u1 ∈ PV (G) and
G∗ = G− {uv, vx1, . . . , vxt} + {ux1, . . . , uxt , vu1}.
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Set NG∗(u1) = {u2, v}. Then it is easy to see that G∗ ∈ Bn,k and dG∗(u2) ≥ 2. Moreover, dG∗(u1) = d(u1) + 1 = 2,
dG∗(v) = d(v)− t = 1, dG∗(u) = d(u)+ t − 1, and dG∗(w) = d(w) for allw ∈ V (G) \ {u1, v, u}. Hence,
M1(G∗)−M1(G) = d2G∗(u1)+ d2G∗(v)+ d2G∗(u)− d2(u1)− d2(v)− d2(u) = 2(d(u)− 2)(t − 1) > 0.
M2(G∗)−M2(G) = (d(v)− 2)

g−
i=1
d(wi)+
s−
i=1
d(yi)

+ (d(u)− 2)
t−
i=1
d(xi)+ dG∗(u2)+ 2− d(v)d(u)
≥ (d(v)− 2)(2g + d(u)− g − 1)+ (d(u)− 2)(d(v)− 1)+ dG∗(u2)+ 2− d(v)d(u)
≥ (d(v)− 2)(d(u)+ 1)+ (d(u)− 2)(d(v)− 1)+ dG∗(u2)+ 2− d(v)d(u)
= (d(u)− 1)(d(v)− 3)+ dG∗(u2)− 1 > 0,
a contradiction to the choice of G.
Case 2. NG(v) ∩ V (Ca ∪ Cb) = ∅.
In this case, there is a vertex u ∈ V (Ca ∪ Cb) such that P = uv0v1 . . . vl−2v, l ≥ 2, is an internal path. Let NG(u) =
{w1, . . . , wg , v0, y1, . . . , ys}, (g = 2, 3 or 4),NG(v) = {vl−2, x1, . . . , xt}, t ≥ 2, where w1, . . . , wg are in V (Ca ∪ Cb). Then
d(u) = s+ g + 1 ≥ 3, d(v) = t + 1 ≥ 3. Let u1 ∈ PV (G) and
G∗ = G− {uv0, vx1, . . . , vxt} + {ux1, . . . , uxt , vu1}.
Set NG∗(u1) := {u2, v}. Then G∗ ∈ Bin,k and dG∗(u2) ≥ 2. Moreover, dG∗(u1) = d(u1) + 1 = 2, dG∗(v) = d(v) − t = 1,
dG∗(v0) = d(v0)− 1 = 1, dG∗(u) = d(u)+ t − 1, and dG∗(w) = d(w) for allw ∈ V (G) \ {u1, v, v0, u}. Therefore,
M1(G∗)−M1(G) = d2G∗(u1)+ d2G∗(v)+ d2G∗(v0)+ d2G∗(u)− d2(u1)− d2(v)− d2(v0)− d2(u)= 2(d(u)− 2)(t − 1) > 0,
M2(G∗)−M2(G) = (d(v)− 2)

g−
i=1
d(wi)+
s−
i=1
d(yi)

+ (d(u)− 2)
t−
i=1
d(xi)+ dG∗(u2)− 2d(u)− 2d(v)+ 6
≥ (d(v)− 2)(d(u)+ 1)+ (d(u)− 2)(d(v)− 1)+ dG∗(u2)− 2d(u)− 2d(v)+ 6
= 2(d(u)− 2)(d(v)− 3)+ d(v)+ d(u)+ dG∗(u2)− 6 > 0,
a contradiction to the choice of G. This completes the proof of Lemma 1. 
In the following we introduce a special graph operation, i.e.:
Operation I: Let u and v be two vertices of G ∈ Bn,k. Assume there are r (r > 0) pendant paths, say Pi1 , Pi2 , . . . , Pir ,
attached to u and t (t > 0) pendant paths, say Pj1 , Pj2 , . . . , Pjt , attached to v. Let NG(u) ∩ V (Pi1 ∪ Pi2 ∪ · · · ∪ Pir ) ={u1, u2, . . . , ur}, NG(v) ∩ V (Pj1 ∪ Pj2 ∪ · · · ∪ Pjt ) = {v1, v2, . . . , vt}. Then set G′ := G − {uu1, uu2, . . . , uur} +{vu1, vu2, . . . , vur},G′′ := G− {vv1, vv2, . . . , vvt} + {uv1, uv2, . . . , uvt}.
Lemma 2. Let G′ and G′′ be obtained from G ∈ Bn,k by Operation I; then either Mi(G′) > Mi(G) or Mi(G′′) > Mi(G), i = 1, 2.
Proof. It is easy to see that dG′(v) = d(v) + r, dG′(u) = d(u) − r and dG′′(v) = d(v) − t, dG′′(u) = d(u) + t , while the
degrees of other vertices are not changed. By direct calculation,
M1(G′)−M1(G) = d2G′(v)+ d2G′(u)− d2(v)− d2(u) = 2r(r + d(v)− d(u)),
M1(G′′)−M1(G) = d2G′′(v)+ d2G′′(u)− d2(v)− d2(u) = 2t(t + d(u)− d(v)).
So,M1(G′) > M1(G) if d(v) ≥ d(u); otherwiseM1(G′′) > M1(G).
Let G0 = G − {u1, u2, . . . , ur , v1, v2, . . . , vt}, dG0(u) = g and dG0(v) = h with g, h = 2, 3 or 4; therefore |g − h| ≤ 2.
Assume that |NG(u) ∩ PV (G)| = r − n1 ≥ 0, |NG(v) ∩ PV (G)| = t − n2 ≥ 0, where n1 (resp. n2) is the number of pendant
paths of length at least 2 attached to u (resp. v). We distinguish the following two possible cases to prove our results.
Case 1. u, v are not adjacent in G.
In this case, by direct calculation we have
M2(G) =
−
xy∈E(G−{u,v})
d(x)d(y)+ (g + r)
−
x∈NG0 (u)
d(x)+ (h+ t)
−
x∈NG0 (v)
d(x)
+ (g + r)(r − n1)+ 2n1(g + r)+ (h+ t)(t − n2)+ 2n2(h+ t),
M2(G′) =
−
xy∈E(G−{u,v})
d(x)d(y)+ g
−
x∈NG0 (u)
d(x)+ (h+ t + r)
−
x∈NG0 (v)
d(x)
+ (h+ t + r)(r − n1 + t − n2)+ 2(h+ t + r)(n1 + n2),
M2(G′′) =
−
xy∈E(G−{u,v})
d(x)d(y)+ (g + r + t)
−
x∈NG0 (u)
d(x)+ h
−
x∈NG0 (v)
d(x)
+ (g + r + t)(r − n1 + t − n2)+ 2(g + r + t)(n1 + n2).
Let
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∆1 := M2(G′)−M2(G) = r
 −
x∈NG0 (v)
d(x)−
−
x∈NG0 (u)
d(x)
+ r(2t + h+ n2 − g)+ n1(h+ t − g),
∆2 := M2(G′′)−M2(G) = t
 −
x∈NG0 (u)
d(x)−
−
x∈NG0 (v)
d(x)
+ t(2r + g + n1 − h)+ n2(g + r − h).
If∆1 ≤ 0, then−
x∈NG0 (u)
d(x)−
−
x∈NG0 (v)
d(x) ≥ (2t + h+ n2 − g)+ n1r (h+ t − g).
Since r, t ≥ 1 and |g − h| ≤ 2, then we get
∆2 ≥ t(2t + h+ n2 − g)+ t(2r + g + n1 − h)+ tn1r (h+ t − g)+ n2(g + r − h)
= 2t(t + r)+ n1t
r
(r + t + h− g)+ n2(r + t + g − h) > 0.
Case 2. u, v are adjacent in G.
By a similar discussion to that in the proof of Case 1 in Lemma 2, we can prove that our result holds in this case. We omit
the procedure here.
The completes the proof. 
Remark. By Lemma 1 and repeating Operation I, any bicyclic graph in Bn,k can be changed into a bicyclic graph such that
all the k pendant paths are attached to the same vertex of this graph.
Theorem 1. Let G ∈ Bn,k with 0 ≤ k ≤ n− 5. Then
M1(G) ≤ 4n+ k2 + 5k+ 12. (1)
Equality in (1) holds if and only if G ∈ B′∗n,k.
Proof. In order to prove our result, let ψ(n, k) = 4n+ k2 + 5k+ 12, where n, k are integers with 0 ≤ k ≤ n− 5.
First we note that if G ∈ B′∗n,k, then by direct calculation we haveM1(G) = 4n+ k2 + 5k+ 12.
Now we prove that if G ∈ Bn,k, then Inequality (1) holds only if G ∈ B′∗n,k by applying induction on k. Let Ca, Cb be the
two independent cycles of G.
If k = 0, then G ∈ B1n,0, B2n,0 or B3n,0. By direct calculation G ∈ B′∗n,0. Similarly, if k = 1, then G ∈ B′∗n,1. Our result holds
for k = 0, 1.
Therefore we assume that k ≥ 2 and the result holds for smaller values of k. Assume that G ∈ B′n,k. Let P =
v0 . . . vs−1vs (s ≥ 1) be a pendant path of G which is attached to a vertex on Ca, or Cb. For convenience, let v0 ∈ PV (G)
and vs ∈ V (Ca ∪ Cb). Define NG(vs) = {w1, . . . , wg , vs−1, . . . , yi} (i ≥ 0), where w1, . . . , wg ∈ V (Ca ∪ Cb), (g = 2, 3 or 4);
then d(vs) := t ≥ g + 1 ≥ 3 and t ≤ k+ g ≤ k+ 4. Set G∗ = G− {v0, . . . , vs−1}. Then G∗ ∈ Bn−s,k−1 and
M1(G) = M1(G∗)+ d(vs)2 + (s− 1) · 22 + 1 · 12 − (d(vs)− 1)2
≤ ψ(n− s, k− 1)+ 2d(vs)+ 4s− 4
= ψ(n, k)+ 2(t − k− 4)
≤ ψ(n, k).
The last inequality follows by t ≤ k+ 4.
In order for equality to hold, we haveM1(G∗) = ψ1(n−s, k−1) and t = k+4. By the induction hypothesis,G∗ ∈ B′∗n−s,k−1.
Note that G∗ has a unique vertex of degree greater than 4, and hence G ∈ B′∗n,k, as desired. 
Lemma 3. Let G ∈ Bn,k with Ca and Cb being the two cycles in G. If n ≥ 2k+ 3, then there exists a vertex v in V (G) \V (Ca ∪ Cb)
such that d(v) = 2.
Proof. Assume that d(v) ≠ 2 for all v ∈ V (G) \ V (Ca ∪ Cb). Then by Lemma 1, d(v) = 1 for all v ∈ V (G) \ V (Ca ∪ Cb).
We first show that there is a vertex u ∈ V (Ca ∪ Cb) such that d(u) = 2. Otherwise, by the assumption there is at least
one pendant vertex v such that uv ∈ E(G).
If G ∈ B1n,k, then |V (Ca ∪ Cb)| − 1 ≤ k. Thus we get |V (G)| = |V (Ca ∪ Cb)| + |PV (G)| ≤ 2k + 1, a contradiction to the
assumption n ≥ 2k+ 3.
If G ∈ B2n,k ∪B3n,k, then |V (Ca ∪ Cb)| − 2 ≤ k. Hence we have |V (G)| = |V (Ca ∪ Cb)| + |PV (G)| ≤ 2k+ 2, a contradiction
to the assumption that n ≥ 2k+ 3.
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Therefore, we let NG(u) = {u1, u2}, vv1 ∈ E(G) with u1, u2, v1 ∈ V (Ca ∪ Cb), v ∈ V (G) \ V (Ca ∪ Cb). Let G∗ =
G− {u1u, u2u} + {u1u2, vu}. Then G∗ ∈ Bn,k. Moreover, dG∗(u) = d(u)− 1 = 1, dG∗(v) = d(v)+ 1 = 2 and dG∗(w) = d(w)
for allw ∈ V (G) \ {u, v}. Hence,
M2(G∗)−M2(G) ≥ d(u1)d(u2)+ d(v1)+ 2− 2d(u1)− 2d(u2) > 0,
a contradiction to the choice of G. 
Lemma 4. Suppose that G ∈ Bn,k with two independent cycles Ca and Cb.
(i) If G ∈ B1n,k with n ≤ 2k+ 4, then there exists a vertex v ∈ PV (G) such that NG(v) ∩ V (Ca ∪ Cb) ≠ ∅.
(ii) If G ∈ B2n,k with n ≤ 2k+ 3, then there exists a vertex v ∈ PV (G) such that NG(v) ∩ V (Ca ∪ Cb) ≠ ∅.
(iii) If G ∈ B3n,k with n ≤ 2k+ 5, then there exists a vertex v ∈ PV (G) such that NG(v) ∩ V (Ca ∪ Cb) ≠ ∅.
Proof. Here, we only prove (i) by contradiction. Similarly, we can also prove (ii) and (iii); the procedure will not be repeated
here.
Assume that NG(v)∩V (Ca∪Cb) = ∅ for all v ∈ PV (G). By Lemma 1, d(u) = 2 for u ∈ V (G)\ (V (Ca∪Cb)∪PV (G)). Hence,
|V (G) \ (V (Ca ∪ Cb) ∪ PV (G))| ≥ k. Note that |V (Ca ∪ Cb)| ≥ 5; hence n = |V (G)| ≥ k+ k+ 5 = 2k+ 5, a contradiction to
the assumption that n ≤ 2k+ 4. 
Lemma 5. Suppose that G ∈ Bn,k with two independent cycles Ca and Cb, u ∈ Ca ∪ Cb and d(u) = t, |NG(u)∩ PV (G)| = r and
|NG(u) \ PV (G)| = {w1, . . . , wg , x1, . . . , xt−r−g} withw1, . . . , wg ∈ V (Ca ∪ Cb), (g = 2, 3 or 4). Then:
(i)
∑g
i=1 d(wi) ≤ k+ 3g − t;
(ii) r ≥ max{0, 2t − n− g2 − 1}.
Proof. (i) Let |NG(wi) ∩ V (Ca ∪ Cb)| = di, where di = 2, 3 or 4, i = 1, . . . , g . By Lemma 1, we have−
v∈V (Ca∪Cb)
(d(v)− |NG(v) ∩ V (Ca ∪ Cb)|) = k.
Thus, for all di = 2, 3 or 4, we have
g−
i=1
(d(wi)− di)+ (d(u)− g) ≤ k.
That is, max{∑gi=1(d(wi)− di)+ (d(u)− g)} ≤ k. So,∑gi=1(d(wi)− 2)+ (d(u)− g) ≤ k, i.e.,∑gi=1 d(wi) ≤ k+ 3g − t .
(ii) Suppose that n < 2t − g2 − 1. By the Handshaking Lemma we have
2(n+ 1) ≥
t−r−g
i=1

d(xi)+
−
w∈N(xi)\{u}
d(w)

+ t + r +
g−
i=1
d(wi) ≥ 3(t − r − g)+ t + r + 2g = 4t − 2r − g.
That is, 4t − 2r − g ≤ 2n+ 2, i.e., r ≥ 2t − n− g2 − 1. Hence, r ≥ max{0, 2t − n− g2 − 1}.
This completes the proof of Lemma 5. 
Theorem 2. Let G ∈ Bn,k with 0 ≤ k ≤ n− 5. Then
M2(G) ≤

4n+ 2k2 + 10k+ 20, if n ≥ 2k+ 5;
6n+ nk+ k+ 10, if n ≤ 2k+ 4. (2, 3)
Equalities in (2) and (3) hold if and only if G ∈ B∗n,k and G ∼= Bnk , respectively.
Proof. For convenience, we let ϕ1(n, k) = 4n+ 2k2+ 10k+ 20, ϕ2(n, k) = 6n+ nk+ k+ 10, where n, k are integers with
0 ≤ k ≤ n− 5. First we note that if G ∈ B∗n,k (resp. G ∼= Bnk), then (2) (resp. (3)) holds.
Now we prove that if G ∈ Bn,k, then (2) (resp. (3)) holds and equality in (2) (resp. (3)) holds only if G ∈ B∗n,k (resp.
G ∼= Bnk), from applying induction on k.
If k = 0, then G ∈ B1n,0,B2n,0 or B3n,0. By direct calculation, G ∈ B∗n,0. Similarly, if k = 1, then G ∼= B61 when n = 6 and
G ∈ B∗n,1 when n ≥ 7. Hence the result holds obviously.
Therefore we assume that k ≥ 2 and the result holds for smaller values of k. Assuming that G ∈ Bn,k, we distinguish the
following two possible cases to prove our result.
Case 1. n ≥ 2k+ 5.
In this case, by Lemma 3, let P = v0v1 . . . vs−1vs (s ≥ 2) be a pendant path of G with v0 ∈ PV (G), vs ∈ V (Ca ∪ Cb) and
d(vs) = t . Let |NG(vs) ∩ PV (G)| = r and NG(vs) \ (PV (G) ∪ vs−1) = {w1, . . . , wg , x1, . . . , xt−r−g−1} with w1, . . . , wg ∈
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V (Ca∪Cb), (g = 2, 3 or 4). Then r ≥ 0, t ≤ k+ g, t− r ≥ g+1 ≥ 3 and all d(xi) = di ≥ 2. By Lemma 1, di ≤ 2. Therefore
di = 2 for i = 1, 2, . . . , t − r − g − 1.
Set G∗ = G− {v0, v1, . . . , vs−1}. Then G∗ ∈ Bn−s,k−1 and
M2(G)−M2(G∗) = d(vs)

t−r−g−1
i=1
d(xi)+
g−
i=1
d(wi)+ r + 2

+ 4(s− 2)+ 2
− dG∗(vs)

t−r−g−1
i=1
d(xi)+
g−
i=1
d(wi)+ r

=
t−r−g−1
i=1
d(xi)+
g−
i=1
d(wi)+ r + 2d(vs)+ 4(s− 2)+ 2.
If n− s ≤ 2(k− 1)+ 4, then by induction we haveM2(G∗) ≤ ϕ2(n− s, k− 1), and thus
M2(G) ≤ ϕ2(n− s, k− 1)+ 2(t − r − g − 1)+ (k+ 3g − t)+ r + 2t + 4(s− 2)+ 2
= ϕ1(n, k)+ 2(n− s)− 2k2 − 10k− 20+ (n− s)(k− 1)+ (k− 1)+ 10+ k+ 3t + g − r − 8
≤ ϕ1(n, k)+ 2(2k+ 2)− 2k2 − 10k− 20+ (2k+ 2)(k− 1)+ (k− 1)+ 10+ k+ 3t + g − r − 8
= ϕ1(n, k)− 3(k+ g − t)− k− r − 4(4− g)− 1
< ϕ1(n, k).
The last inequality follows by k ≥ 2, r ≥ 0, g ≤ 4 and t ≤ k+ g .
If n− s ≥ 2(k− 1)+ 5, then by induction we getM2(G∗) ≤ ϕ1(n− s, k− 1), and thus we have
M2(G) ≤ ϕ1(n− s, k− 1)+ 2(t − r − g − 1)+ (k+ 3g − t)+ r + 2t + 4(s− 2)+ 2
= ϕ1(n, k)− 3(k+ g − t)− r − 4(4− g)
≤ ϕ1(n, k).
The last inequality follows by r ≥ 0, g ≤ 4 and t ≤ k+ g .
In order for equality to hold, all inequalities in the above argument should be equalities. Thus, we have M2(G∗) =
ϕ1(n − s, k − 1), r = 0, g = 4 and t = k + 4. By the induction hypothesis, G∗ ∈ B∗n−s,k−1. Note that G∗ has a unique
vertex of degree greater than 4, and hence G ∈ B∗n,k.
Case 2. n = 2k+ 4.
In this case, if G ∈ B1n,k ∪B3n,k, by Lemma 4(i) and (iii), we can set v ∈ V (Ca ∪ Cb), with d(v) = t and NG(v)∩ PV (G) ≠ ∅.
Let u1 ∈ NG(v) ∩ PV (G), |NG(v) ∩ PV (G)| = r (r ≥ 1), NG(v) \ (PV (G)) = {w1, . . . , wg , x1, . . . , xt−r−g} with
w1, . . . , wg ∈ V (Ca ∪ Cb) (g = 2, 3 or 4) and all d(xi) = di ≥ 2. By Lemma 1, di = 2 for i = 1, 2, . . . , t − r − g .
Set G∗ = G− {u1}. Then G∗ ∈ Bn−1,k−1. Thus
M2(G)−M2(G∗) = d(v)

t−r−g
i=1
d(xi)+
g−
i=1
d(wi)+ r

− dG∗(v)

t−r−g
i=1
d(xi)+
g−
i=1
d(wi)+ r − 1

=
t−r−g
i=1
d(xi)+
g−
i=1
d(wi)+ d(v)+ r − 1.
Since n− 1 = 2(k− 1)+ 5,
M2(G) ≤ M2(G∗)+ 2(t − r − g)+ (k+ 3g − t)+ t + r − 1
≤ ϕ1(n− 1, k− 1)+ 2(t − r − g)+ (k+ 3g − t)+ t + r − 1
= ϕ2(n, k)− 2(k+ g − t)− (r − 1)− 3(4− g)
≤ ϕ2(n, k).
The equality holds only if M2(G∗) = ϕ1(n − 1, k − 1), r = 1, g = 4 and t = k + 4. Since G∗ ∼= Bn−1k−1 and Bn−1k−1 contains a
unique vertex of degree greater than 4, we have G ∼= Bnk .
If G ∈ B2n,k, then by Lemma 3, there exists a pendant path, say P = v0v1 . . . vs−1vs, of G such that s ≥ 2, v0 ∈ PV (G), vs ∈
V (Ca∪Cb) and d(vs) = t . Let |NG(vs)∩ PV (G)| = r and NG(vs) \ (PV (G)∪{vs−1}) = {w1, . . . , wg , x1, x2, . . . , xt−r−g−1}with
w1, . . . , wg ∈ V (Ca ∪ Cb), (g = 2 or 3). Then r ≥ 0, t ≤ k + g, t − r ≥ g + 1 ≥ 3 and all d(xi) = di ≥ 2. By Lemma 1,
di = 2 for i = 1, 2, . . . , t − r − g − 1.
Like for Case 1, set G∗ = G− {v0, v1, . . . , vs−1}. Then G∗ ∈ Bn−s,k−1 and
M2(G)−M2(G∗) =
t−r−g−1
i=1
d(xi)+
g−
i=1
d(wi)+ r + 2d(vs)+ 4(s− 2)+ 2.
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Since n− s ≤ n− 2 = 2(k− 1)+ 4, then by induction we haveM2(G∗) ≤ ϕ2(n− s, k− 1). Thus
M2(G) ≤ ϕ2(n− s, k− 1)+ 2(t − r − g − 1)+ (k+ 3g − t)+ r + 2t + 4(s− 2)+ 2
= ϕ2(n, k)− 6s+ (n− s)(k− 1)− nk− 1+ 3t − r + g + k+ 4s− 8
≤ ϕ2(n, k)− 2 s+ (2k+ 2)(k− 1)− (2k+ 4)k+ 3t + g + k− r − 9
= ϕ2(n, k)− 3(k+ g − t)− 4(3− g)− 2(s− 1)− r
< ϕ2(n, k).
The last inequality follows by s ≥ 2, r ≥ 0, g ≤ 3 and t ≤ k+ g .
Case 3. n ≤ 2k+ 3.
In this case, by Lemma4,we can set v ∈ V (Ca∪Cb)with d(v) = t andNG(v)∩PV (G) ≠ ∅. Letu1 ∈ NG(v)∩PV (G), |NG(v)∩
PV (G)| = r (r ≥ 1), NG(v) \ PV (G) = {w1, . . . , wg , x1, . . . , xt−r−g} with w1, . . . , wg ∈ V (Ca ∪ Cb) (g = 2, 3 or 4) and all
d(xi) = di ≥ 2. By Lemma 1, di = 2 for i = 1, 2, . . . , t − r − g .
Set G∗ = G− {u1}. Then G∗ ∈ Bn−1,k−1 and
M2(G)−M2(G∗) =
t−r−g
i=1
d(xi)+
g−
i=1
d(wi)+ t + r − 1.
Since n− 1 ≤ 2(k− 1)+ 4,
M2(G) ≤ M2(G∗)+ 2(t − r − g)+ (k+ 3g − t)+ t + r − 1
≤ ϕ2(n− 1, k− 1)+ k+ 2t + g − r − 1
= ϕ2(n, k)+

2t − n− 1− g
2

− r − 3
2
(4− g)
≤ ϕ2(n, k).
The last inequality follows by Lemma 5(ii).
Equality M2(G) = ϕ2(n, k) implies that the equalities hold in the above inequalities. In particular, M2(G∗) = ϕ2(n −
1, k − 1) and g = 4. By the induction hypothesis, G∗ ∼= Bn−1k−1 . Note that Bn−1k−1 has a unique vertex of degree greater than 4
and d(v) = t ≥ 5; hence G ∼= Bnk .
The proof of the Theorem 2 is completed. 
3. The lower bounds ofM1 andM2
Define
B′n,k := {G ∈ Bn,k : M1(G) is minimal}, Bn,k := {G ∈ Bn,k : M2(G) is minimal}
and
PN(G) := {u ∈ V (G) : uv ∈ E(G), v ∈ PV (G)}.
Lemma 6. Let G ∈ B′n,k with 0 ≤ k ≤ n− 4. Then
∆(G) =

3, if n ≥ 2k+ 2;
3+

2k+ 2− n
n− k

, if n ≤ 2k+ 1.
Proof. In order to prove this lemma, we first show the following two claims.
Claim 1. If G ∈ B′n,k, then G ∈ B++n,k .
In fact, if G ∉ B++n,k , then there exist u, v ∈ V (G) \ PV (G) such that |d(u) − d(v)| ≥ 2. Without loss of generality, let
d(u)− d(v) ≥ 2, d(u) = s, d(v) = t ≥ 2. Then s ≥ t + 2 ≥ 4.
For convenience, in G, let Tu be the pendant tree attached to the vertex uwith NG(u) ∩ V (Tu) = {w1, w2, . . . , wr}. Then
set G∗ := G− {uw1} + {vw1}. Thus we have dG∗(u) = d(u)− 1 = s− 1, dG∗(v) = d(v)+ 1 = t + 1 and dG∗(w) = d(w)
for allw ∈ V (G) \ {u, v}. Moreover,
M1(G∗)−M1(G) = d2G∗(u)+ d2G∗(v)− d2(u)− d2(v) = 2(1+ t − s) < 0,
a contradiction to the choice of G. This completes the proof of Claim 1.
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Claim 2. For all G ∈ B1n,k ∩B++n,k , there exists G′ ∈ B2n,k ∩B++n,k such that M1(G′) = M1(G).
In fact, set u ∈ V (Ca ∩ Cb). Suppose that there exists a vertex w1 ∈ V (G) \ PV (G) such that d(w1) = d(u) − 1. Since
G ∈ B++n,k , then d(u) = ∆(G), d(w1) = ∆(G) − 1. Let w2 ∈ NG(u) ∩ V (Cb) and G′ := G − uw2 + w1w2. Then we have
G′ ∈ B2n,k ∩ B++n,k , dG′(u) = d(u)− 1 = ∆(G)− 1 = d(w1), dG′(w1) = d(w1)+ 1 = ∆(G) = d(u), dG′(w2) = d(w2). Thus
M1(G′) = M1(G).
Otherwise we have, for all v ∈ V (G) \ PV (G), d(v) ≥ d(u). Let w1 ∈ NG(u) ∩ V (Ca), w2 ∈ NG(u) ∩ V (Cb) and
u1 ∈ NG(w1)\V (Ca∪Cb). SetG′ = G−{u1w1, uw2}+{u1u, w1w2}. Thenwe haveG′ ∈ B2n,k∩B++n,k , dG′(u) = d(u), dG′(w1) =
d(w1), dG′(w2) = d(w2). ThusM1(G′) = M1(G). This completes the proof of Claim 2.
Now, we have to show that if n ≥ 2k+ 2, that is, k ≤ n− k− 2, then∆(G) = 3.
Assume that∆(G) ≥ 4, by Claim 1, we have d(u) = ∆(G) or∆(G)− 1 for all u ∈ V (G) \ PV (G). Then
2(n+ 1) =
−
u∈V (G)
d(u) > k+ 3(n− k) = 3n− 2k.
That is, n < 2k+ 2, a contradiction to the assumption n ≥ 2k+ 2.
In particular, d(u) = 3 for all u ∈ V (G) \ PV (G) if and only if n = 2k+ 2, that is, k = n− k− 2.
If n < 2k+ 2, that is, k > n− k− 2, by Claim 2, we assume that G ∈ (B2n,k ∪B3n,k)∩B++n,k and then we first use n− k− 2
leaves to construct a graph G∗ such that for all u ∈ V (G∗) \ PV (G∗), dG∗(u) = 3. Since the set of V (G) \ PV (G) is equal to
the set of V (G∗) \ PV (G∗), and |V (G) \ PV (G)| = n − k, there are n − k vertices with degree 3 in G∗. And then, we add the
k− (n−k−2) leaves that are left to these n−k vertices to construct G. Hence,∆(G) = 3+⌈ k−(n−k−2)n−k ⌉ = 3+⌈ 2k+2−nn−k ⌉. 
Lemma 7. If G ∈ Bn,k, then d(v) ≥ 3 for all v ∈ PN(G).
Proof. Assume that P = v0v1 . . . vs (s ≥ 2) is a pendant path of G with v0 ∈ PV (G) and d(vs) ≥ 3. Let w1w2 ∈ E(G) with
d(wi) ≥ 2, i = 1, 2. Let G∗ = G − {vs−2vs−1, w1w2} + {w1vs−2, w2v0}. Then G∗ ∈ Bn,k and dG∗(vs−1) = d(vs−1) − 1 = 1,
dG∗(v0) = d(v0)+ 1 = 2, while degrees of other vertices are not changed. On the other hand,
M2(G∗)−M2(G) = 2d(w1)+ 2d(w2)+ d(vs)− d(w1)d(w2)− 2d(vs)− 2 < 0,
a contradiction to the choice of G. 
Theorem 3. Let G ∈ Bn,k, 0 ≤ k ≤ n− 4, d = ⌈ 2k+2−nn−k ⌉; then
M1(G) ≥

4n+ 2k+ 10, if n ≥ 2k+ 2;
(−d2 − d+ 3)n+ (d2 + 3d+ 2)k+ (4d+ 10), if n ≤ 2k+ 1. (4)
Equalities in (4) hold if and only if G ∈ B++n,k .
Proof. Let G ∈ Bn,k; there exists a G′ ∈ B′n,k such thatM1(G) ≥ M1(G′). By Claim 1, G′ ∈ B++n,k . Thus we assume that there
are x vertices of degree∆(G′); hence
2(n+ 1) = k · 1+ x ·∆(G′)+ (n− k− x) · (∆(G′)− 1),
i.e., x = (3−∆(G′))n+ (∆(G′)− 2)k+ 2. Therefore,
M1(G′) = k · 12 + [n− k− (3−∆(G′))n− (∆(G′)− 2)k− 2] · (∆(G′)− 1)2
+ [(3−∆(G′))n+ (∆(G′)− 2)k+ 2] ·∆(G′)2
= (−∆(G′)2 + 5∆(G′)− 2)n+ (∆(G′)2 − 3∆(G′)+ 2)k+ (4∆(G′)− 2).
Thus in view of Lemma 6, we have
M1(G′) =

4n+ 2k+ 10, if n ≥ 2k+ 2;
(−d2 − d+ 3)n+ (d2 + 3d+ 2)k+ (4d+ 10), if n ≤ 2k+ 1.
Therefore,
M1(G) ≥

4n+ 2k+ 10, if n ≥ 2k+ 2;
(−d2 − d+ 3)n+ (d2 + 3d+ 2)k+ (4d+ 10), if n ≤ 2k+ 1.
Evidently, equality holds in the above if and only if G ∈ B++n,k .
This completes the proof of Theorem 3. 
DefineΦ(n, k) = 4n+ 3k+ 16, where n, k are integers with 0 ≤ k ≤ n− 4.
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Theorem 4. Let G ∈ Bn,k, 0 ≤ k ≤ n− 4. Then
M2(G) ≥ 4n+ 3k+ 16. (5)
Equality in (5) holds if and only if n ≥ 3k+ 3 and G ∈ B+n,k.
Proof. It is straightforward to check if G ∈ B+n,k, then the equality in (5) holds. Thus we need to show that if G ∈ Bn,k, then
the inequality (5) holds and the equality in (5) holds only if G ∈ B+n,k by induction on k.
If k = 0, then G ∈ B1n,0,B2n,0 or B3n,0. By direct calculation, G ∈ B+n,0. If k = 1, similarly we have G ∈ B+n,1. Hence the
result holds for k = 0, 1. Therefore we assume that k ≥ 2 and the result holds for smaller values of k.
Suppose that G ∈ Bn,k. Let v1 ∈ PV (G) with uv1 ∈ E(G). Then d(u) = t ≥ 3 by Lemma 7. Let NG(u) ∩ PV (G) =
{v1, . . . , vr}, NG(u) \ PV (G) = {x1, . . . , xt−r}. Then t − r ≥ 1 and all d(xi) = di ≥ 2, i = 1, 2, . . . , t − r .
We consider the following two cases.
Case 1. d(u) = t ≥ 4.
In this case, we set G∗ = G− v1. Then G∗ ∈ Bn−1,k−1. Thus
M2(G)−M2(G∗) = d(u)

r +
t−r
i=1
d(xi)

− d∗(u)

r − 1+
t−r
i=1
d(xi)

= r − 1+ t +
t−r
i=1
d(xi).
Hence,
M2(G) = M2(G∗)+ t + r − 1+
t−r
i=1
d(xi) ≥ Φ(n− 1, k− 1)+ 3t − r − 1 = Φ(n, k)+ 3t − r − 8 > Φ(n, k).
Case 2. d(u) = t = 3.
If r = 1, then NG(u) \ {v1} = {x1, x2}. Set G∗ = G− v1. Then G∗ ∈ Bn−1,k−1. Thus
M2(G) = M2(G∗)+ 3+ d1 + d2 ≥ Φ(n− 1, k− 1)+ 7 = Φ(n, k), (6)
and equality in (6) holds only if d1 = d2 = 2 and M2(G∗) = Φ(n − 1, k − 1). By the induction hypothesis, G∗ ∈ B+n−1,k−1.
Since d1 = d2 = 2, there is an internal path of length at least 4 connecting x1 and x2 in G∗ and |V (G∗)| ≥ 3(k− 1)+ 3+ 2.
Thus n = |V (G∗)| + 1 ≥ 3k+ 3 and G ∈ B+n,k.
If r = 2, then NG(u) \ {v1, v2} = {x1}. Let P = u0u1 . . . ul (u = u0, x1 = u1) be an internal path of G with d(u) = 3 and
d(ul) = s ≥ 3, where l ≥ 1. Let
G∗ =

G− {v1, v2}, if l = 1;
G− {v1, v2, u0, . . . , ul−2}, if l ≥ 2.
Then G∗ ∈ Bn−l−1,k−1.
If l = 1, then d1 = d(x1) ≥ 3 and
M2(G) = M2(G∗)+ 6+ 2d1 ≥ Φ(n− 2, k− 1)+ 6+ 2d1 = Φ(n, k)+ 2d1 − 5 > Φ(n, k).
If l ≥ 2, then
M2(G) = M2(G∗)+ 4l+ 4+ s ≥ Φ(n− l− 1, k− 1)+ 4l+ 4+ s = Φ(n, k)+ s− 3 ≥ Φ(n, k).
In order for the equality to hold, all inequalities in the above argument should be equalities. Thus we have M2(G∗) =
Φ(n− l− 1, k− 1), l ≥ 2 and s = 3.
By the induction hypothesis, G∗ ∈ B+n−l−1,k−1 and |V (G∗)| ≥ 3(k− 1)+ 3. Thus
n = |V (G∗)| + (l+ 1) ≥ 3k+ l+ 1 ≥ 3k+ 3
and G ∈ B+n,k.
Hence the proof of Theorem 4 is completed. 
4. Remarks
On the basis of Theorems 1 and 2, we get that if 0 ≤ k ≤ n − 5, then each member G ∈ B′∗n,n−5 and Bnn−5, respectively,
have the maximum first and second Zagreb indices among
n−5
k=0 Bn,k. And furthermore,
M1(G) = n2 − n+ 12 for G ∈ B′∗n,n−5, M2(Bnn−5) = n2 + 2n+ 5.
If k = n− 4, by direct calculation we have
G ∼= B2(3, 3)(
n−4  
1, . . . , 1), and M1(G) = n2 − n+ 14, M2(G) = n2 + 2n+ 9.
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Hence, B2(3, 3)(
n−4  
1, . . . , 1) have the maximum M1-values and M2-values among all bicyclic graphs with n vertices (see also
Theorem 3.13 of [9]).
It is straightforward to check that ψ(n, k), ϕ1(n, k), ϕ2(n, k) and Φ(n, k) are strictly monotone increasing in 0 ≤ k ≤
n− 5. Note that the set of all bicyclic graphs with n vertices isn−4k=0 Bn,k. Thus, by Theorems 3 and 4, each member inB++n,0
(resp.B+n,0) has the minimum first (resp. second) Zagreb index among all bicyclic graphs with n vertices (see also Theorem
5.4 of [9]).
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